
Perceptron



Linear classifiers

• Describe inputs using “feature vectors” in ℝ𝑑.

• Linear classifier: 𝑤 ∈ ℝ𝑑 (weight vector) and 𝜃 ∈ ℝ (threshold)

𝑓𝑤,𝜃 𝑥 =  
+1, 𝑥, 𝑤 > 𝜃
−1, 𝑥, 𝑤 ≤ 𝜃



Linear classifiers



Homogeneous linear classifiers

• Homogeneous linear classifier: 𝑤 ∈ ℝ𝑑 (weight vector)

𝑓𝑤 𝑥 = 𝑓𝑤,0 𝑥 =  
+1, 𝑥, 𝑤 > 0
−1, 𝑥, 𝑤 ≤ 0



Homogeneous linear classifiers



Lifting non-homogeneous linear classifiers

• Suppose 𝑓𝑤,𝜃 is a non-homogeneous linear classifier in ℝ𝑑

• Map weight vector and threshold to  𝑤 ≔ 𝑤,−𝜃 ∈ ℝ𝑑+1

• Map feature vectors 𝑥 to 𝑥, 1 ∈ ℝ𝑑+1

• 𝑓 𝑤,0 is equivalent homogeneous linear classifier in ℝ𝑑+1



Perceptron (Rosenblatt, ‘58)

Input: training data 𝑆

• Let 𝑤1 = 0.

• For 𝑡 = 1,2, …:

• If there is 𝑥𝑡 , 𝑦𝑡 ∈ 𝑆 such that 𝑓𝑤𝑡
𝑥𝑡 ≠ 𝑦𝑡, then:

• Update: 𝑤𝑡+1 ≔ 𝑤𝑡 + 𝑦𝑡𝑥𝑡
• Else:  return 𝑤𝑡
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Separable data

• Training data 𝑆 from ℝ𝑑 × −1,+1

• Assume some 𝑤⋆ ∈ ℝ𝑑 satisfies

𝑦 𝑥, 𝑤⋆ > 0
for all 𝑥, 𝑦 ∈ 𝑆.



Separable data

• Training data 𝑆 from ℝ𝑑 × −1,+1

• Assume some 𝑤⋆ ∈ ℝ𝑑 satisfies

𝑦 𝑥, 𝑤⋆ > 0
for all 𝑥, 𝑦 ∈ 𝑆.



Margins

• Training data 𝑆 from ℝ𝑑 × −1,+1

• Define the margin of 𝑆 to be

𝛾 = 𝛾(𝑆) ≔ max
‖𝑤⋆‖≤1

min
𝑥,𝑦 ∈𝑆

𝑦〈𝑥, 𝑤⋆〉.



Margins-based analysis of Perceptron

• Training data 𝑆 from ℝ𝑑 × −1,+1

• Assume S is separable with margin 𝛾 > 0 (as witnessed by 𝑤⋆).

• Also, let 𝑅 ≔ max
𝑥,𝑦 ∈𝑆

𝑥 .

• Does Perceptron terminate?

• After how many updates?



Main idea of analysis

• Track the (cosine of the) angle between 𝑤𝑡 and 𝑤⋆:
〈𝑤⋆, 𝑤𝑡〉

𝑤⋆ ‖𝑤𝑡‖

• With each update from 𝑤𝑡 to 𝑤𝑡+1, how does this quantity change?



Margins-based analysis of Perceptron

Suppose Perceptron makes an update in iteration 𝑡.

𝑤⋆, 𝑤𝑡+1 = 𝑤⋆, 𝑤𝑡 + 𝑦𝑡𝑥𝑡 ≥ 𝑤⋆, 𝑤𝑡 + 𝛾

𝑤𝑡+1
2 = 𝑤𝑡

2 + 2 𝑤𝑡 , 𝑦𝑡𝑥𝑡 + 𝑦𝑡𝑥𝑡
2 ≤ 𝑤𝑡

2 + 𝑅2



Margins-based analysis of Perceptron

Suppose Perceptron makes 𝑇 updates.

𝑤⋆, 𝑤𝑇+1 ≥ 𝑇𝛾

𝑤⋆, 𝑤𝑇+1 ≤ 𝑤⋆ ⋅ 𝑤𝑇+1 ≤ 𝑅 𝑇

Conclusion: number of updates must satisfy

𝑇 ≤
𝑅

𝛾

2

.


