
COMS 4771 Lecture 5

1. Linear classifiers

2. Linearly separable instances.
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Linear classifiers



Axis-aligned threshold functions

Decision tree learning
Basic step in greedy decision tree learning (with axis-aligned splits in X = Rd):

argmin
h

|Sh,0|
|S| u(Sh,0) +

|Sh,1|
|S| u(Sh,1)

where u is some uncertainty measure,

Sh,0 = {(x, y) ∈ S : h(x) = 0}, Sh,1 = {(x, y) ∈ S : h(x) = 1},

and the minimization is over splitting rules of the form

h(x) = 1{xi > t}, i ∈ [d], t ∈ R.

Binary classification
When Y = {−1,+1}, the prediction made in each split is either

sign(xi − t) or − sign(xi − t) = sign(−xi + t)
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Linear classifiers (for binary classification)

A natural generalization of axis-aligned threshold functions

sign(xi − t) or sign(−xi + t),

are linear threshold functions (or linear classifiers):

fw,t(x) = sign(〈w,x〉 − t), w ∈ Rd, t ∈ R.

Interpretation: does a weighted
linear combination of input features
exceed a threshold?

〈w,x〉 =
d∑
i=1

wixi
?
> t

Tie at zero can go either way; we’ll use
the following convention:

sign(z) =

{
+1 if z > 0

−1 if z ≤ 0.

For now, only considering binary classification, where Y = {−1,+1}.
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Linear classifiers (for binary classification)

We’ve seen these before: the (binary) Bayes classifier when class conditional
densities are multivariate Gaussians with the same covariance.

2.6. DISCRIMINANT FUNCTIONS FOR THE NORMAL DENSITY 21
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Figure 2.10: If the covariances of two distributions are equal and proportional to the
identity matrix, then the distributions are spherical in d dimensions, and the boundary
is a generalized hyperplane of d − 1 dimensions, perpendicular to the line separating
the means. In these 1-, 2-, and 3-dimensional examples, we indicate p(x|ωi) and the
boundaries for the case P (ω1) = P (ω2). In the 3-dimensional case, the grid plane
separates R1 from R2.

wi =
1

σ2
µi (52)

and

wi0 =
−1

2σ2
µt

iµi + ln P (ωi). (53)

We call wi0 the threshold or bias in the ith direction. threshold

bias
A classifier that uses linear discriminant functions is called a linear machine. This

linear
machine

kind of classifier has many interesting theoretical properties, some of which will be
discussed in detail in Chap. ??. At this point we merely note that the decision
surfaces for a linear machine are pieces of hyperplanes defined by the linear equations
gi(x) = gj(x) for the two categories with the highest posterior probabilities. For our
particular case, this equation can be written as

wt(x − x0) = 0, (54)

where

w = µi − µj (55)

and

x0 =
1

2
(µi + µj) − σ2

∥µi − µj∥2
ln

P (ωi)

P (ωj)
(µi − µj). (56)

This equation defines a hyperplane through the point x0 and orthogonal to the
vector w. Since w = µi − µj , the hyperplane separating Ri and Rj is orthogonal to
the line linking the means. If P (ωi) = P (ωj), the second term on the right of Eq. 56
vanishes, and thus the point x0 is halfway between the means, and the hyperplane is
the perpendicular bisector of the line between the means (Fig. 2.11). If P (ωi) ̸= P (ωj),
the point x0 shifts away from the more likely mean. Note, however, that if the variance

5 / 15



Hyperplanes

Geometric interpretation of linear classifiers

x1

x2

H

w

A hyperplane in Rd is a linear subspace of
dimension (d− 1).

I A R2-hyperplane is a line.

I A R3-hyperplane is a plane.

I As a linear subspace, a hyperplane always
contains the origin.

A hyperplane H can be specified by a
(non-zero) normal vector.

The hyperplane with normal vector w ∈ Rd is
the set

H =
{
x ∈ Rd : 〈w,x〉 = 0

}
.

It becomes oriented if we pick a particular
normal vector w ∈ Rd.
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Which side of the hyperplane are we on?

H

w

x

‖x‖2 · cos θ
θ

Distance from the hyperplane

I The projection of x onto the direction of w

has length
|〈w,x〉|
‖w‖2

.

I Cosine rule: cos θ =
〈w,x〉
‖w‖2‖x‖2

.

I The distance of x from the hyperplane is

given by
|〈w,x〉|
‖w‖2

= ‖x‖2 · | cos θ|.

Which side of the hyperplane?

I The cosine satisfies cos θ > 0 iff θ ∈ (−π
2
, π
2
).

I We can determine which side of the hyperplane H that x is on, using

sign(cos θ) = sign(〈w,x〉).
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Affine hyperplanes

x1

x2 H

w

b · ‖w‖2

I An affine hyperplane H is a hyperplane
translated (shifted) by a vector b: i.e.,
H = b+H ′ for some hyperplane H ′.

Without loss of generality, H = bw +H ′, for
some hyperplane H, b ≥ 0, and normal vector
w for H ′.

I If b > 0, naturally oriented by which side
contains the origin.

Which side of the affine hyperplane?

I We can determine which side of the affine hyperplane H that x is on using

sign(〈x,w〉 − b‖w‖22).

side of affine hyperplane that x is on ≡ linear classification of x
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Linear classifiers

H

w

sign(〈w,x〉 − b‖w‖22) ≤ 0

sign(〈w,x〉 − b‖w‖22) > 0

b‖w‖2

9 / 15



Learning linear classifiers

Even if the Bayes classifier is not a linear classifier, we can hope that it
has a good linear approximation.

Goal: learning algorithm for linear classifiers with low error:

E
[
err(fŵ,t̂)

]
where fŵ,t̂ is the linear classifier picked by the learning algorithm on the basis
of an i.i.d. sample S from P . (Expectation is over S.)

A natural approach is “empirical risk minimization” (ERM): find a linear
classifier fw,t with low training error (or empirical risk):

argmin
w,t

err(fw,t, S) = argmin
w,t

1

|S|
∑

(x,y)∈S

1{sign(〈w,x〉 − t) 6= y}

= argmin
w,t

1

|S|
∑

(x,y)∈S

1{y(〈w,x〉 − t) ≤ 0}.
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Empirical risk minimization

Unforunately, this is not possible in general.

I The following problem is NP-hard:

Given a set of labeled examples S in Rd × {±1} with the promise that
there is a linear classifier with training error 0.01, find a linear classifier
with training error ≤0.49.

Potential saving grace:

I Real-world problems we need to solve do not look like reductions from
difficult Satisfiability instances.

Plan:

1. Study the linearly separable instances: where there is a linear classifier
with zero training error.

2. Study convex loss functions, which can be efficiently minimized, and how
they are related to classification error.
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Linearly separable
instances



Easy case: linearly separable data

Suppose there is a linear classifier with zero training error on S: for some
w? ∈ Rd and t? ∈ R,

y(〈w?,x〉 − t?) > 0, for all (x, y) ∈ S.

In this case, we say the training data is linearly separable.
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Homogeneous linear classification

Linear classifiers fw,t with t = 0 are called homogeneous linear classifiers.

Claim: There is a mapping φ : Rd → Rd+1 with the following property:
For any linear classifier fw,t : Rd → {±1},
there is a homogeneous linear classifier fw̃,0 : Rd+1 → {±1} such that
fw,t(x) = fw̃,0(φ(x)) for all x ∈ Rd.

Proof: Let φ(x) := (x, 1)—i.e., add a (d+ 1)-th coordinate that always takes
value 1. For any w ∈ Rd and t ∈ R, let w̃ := (w,−t).

0 t w = +1

w̃ = (w,−t)

Data in R1

Data in R2
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Finding a homogeneous linear separator

Problem: given training data S in Rd × {±1}, determine whether or not there
exists w ∈ Rd

y〈w,x〉 > 0, for all (x, y) ∈ S;
(and find such a vector if one exists).

This is a system of |S| linear inequalities over d variables, and hence can be
solved in polynomial time using algorithms for linear programming (e.g.,
ellipsoid algorithm, interior point).

If one exists, and the inequalities in fact hold with some non-negligible
“margin” γ > 0:

y〈w,x〉 ≥ γ, for all (x, y) ∈ S;
then there is a very simple algorithm that finds a solution: Perceptron.
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